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A new formulation for elastic-perfectly plastic contact in the normal direction between two round sur-
faces that is solely based on material properties and contact geometries is developed. The problem is for-
mulated as three separate domains: the elastic regime, mixed elastic–plastic behavior, and unconstrained
(fully plastic) ﬂow. Solutions for the force–displacement relationship in the elastic regime follow from
Hertz’s classical solution. In the fully plastic regime, two well supported assumptions are made: that
there is a uniform pressure distribution and there is a linear force–deﬂection relationship. The force–dis-
placement relationship in the intermediate, mixed elastic–plastic regime is approximated by enforcing
continuity between the elastic and fully plastic regimes. Transitions between the three regimes are deter-
mined based on empirical quantities: the von Mises yield criterion is used to determine the initiation of
mixed elastic–plastic deformation, and Brinell’s hardness for the onset of unconstrained ﬂow. Unloading
from each of these three regimes is modeled as an elastic process with different radii of curvature based
on the regime in which the maximum force occurred. Simulation results explore the relationship
between the impact velocity and coefﬁcient of restitution. Further comparisons are made between the
model, experimental results found in the literature, and other existing elastic–plastic models. The new
model is well supported by the experimental measurements of compliance curves for elastic–plastic
materials and of coefﬁcients of restitution from impact studies, and in elastic-perfectly plastic regimes
is demonstrated to be more accurate than existing models found in the literature.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The study of energy dissipation in elastic–plastic impact is a
problem that has been at the forefront of engineering research
for over a century. Since Hertz’s formulation of the contact be-
tween two elastic spheres (Hertz, 1882), many signiﬁcant advances
have been made; however, the precise physics of impact, including
the interaction of asperities, dislocation, and the extent of plastic
ﬂow amongst many other aspects, remains not yet completely re-
solved (Tabor, 1996). Unlike other material models (such as for vis-
coelastic impacts (Schwager and Pöschel, 1998; Ramírez et al.,
1999)), there are no closed form solutions for the stress ﬁelds of
elastic–plastic impact between two arbitrary bodies, though
solutions to a few speciﬁc problems (such as an expanding cavity
within a sphere) do exist (Hill, 1950). As a result, the study of
elastic–plastic impact from a bulk perspective is relegated to
several major research efforts in order to illuminate the various
mechanisms that dissipate energy during elastic–plastic contact:
experimental studies of hardness, mixed ﬁnite element and exper-ll rights reserved.
m laboratory managed and
bsidiary of Lockheed Martin
onal Nuclear Security Admin-imental studies of interference, and predominantly analytical and
numerical studies of restitution. Neglected in this list are the many
areas of research focusing on the nano- and micro-scale effects
during contact, particularly surface roughness (Majumdar and
Bhushan, 1991; Greenwood and Wu, 2001; Lu and Kuo, 2003),
adhesion (Mesarovic and Johnson, 2000), frictional contact
(Stronge, 1990; Brizmer et al., 2006), and hardening (Hill et al.,
1989; Mesarovic and Fleck, 2000; Swadener et al., 2002; Shankar
and Mayuram, 2008). Often, the more recent ﬁelds of interference
and restitution research have been independent of one another,
though some recent studies attempt to bridge this gap in the
literature.
The characterization of materials is extremely important for
understanding the constitutive behavior of contact between two
bodies. The material hardness, which is a material’s resistance to
indentation, is often associated with the onset of fully plastic,
unconstrained ﬂow. Tabor, in studying dynamic hardness (Tabor,
1948), found that a relationship exists between the Brinell hard-
ness of a material and the yield stress for elastic-perfectly plastic
materials. This indicates that the onset of fully plastic behavior is
expected to occur when the stresses in the material are approxi-
mately 2:8rY , where rY is the yield stress. For materials that are
close to being elastic-perfectly plastic, this ratio has been con-
ﬁrmed in numerous studies (Hardy et al., 1971; Lee et al., 1972;
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quantity is related to the ﬂow stress (Follansbee and Sinclair,
1984; Sinclair et al., 1985), and is found to decrease with increases
in the contact radius (Jackson and Green, 2005). In order to relate
the Brinell hardness of a material to other hardness tests, Johnson
(1970), amongst others, developed correlations relating hardness
experiments conducted with a wedge, cone, and cylinder to those
conducted with a sphere (i.e. the Brinell hardness test). More re-
cent studies focus on the nano-scale material response (Lim and
Chaudhri, 1999), and extracting material properties from hardness
measurements such that hardness can be related to yield strength,
the power law strain hardening coefﬁcient, and Young’s modulus
(Alcalá and de los Ojos, 2010).
The interference literature builds upon the progress made in the
experimental characterization of materials in order to develop
models that describe the evolution of the contact force, contact
pressure, and contact radius, particularly in the plastic regime.
Abbott and Firestone (1933) proposed the basic contact model, in
which the contact area is related to the interference between a
sphere and a ﬂat by the geometric intersection of the original pro-
ﬁle, given as a paraboloid. Greenwood and Williamson (1966) later
developed an asperity model, which has since been improved on in
numerous studies. One such improvement is the Chang–Etsion–
Bogy model (Chang et al., 1987), which enforces volume conserva-
tion in the contact regions. There is less research, however, that
focuses on the transition from the elastic regime to the fully plastic
regime. One approach is to enforce continuity between the two re-
gimes using interpolation functions for the interference–force rela-
tionship (Zhao et al., 2000). Other approaches rely on high ﬁdelity
ﬁnite element models (Kogut and Etsion, 2002; Jackson and Green,
2005; Lin and Lin, 2006; Jamari and Schipper, 2006a), which often
develop best ﬁt polynomial relationships for describing the inter-
ference-force relationship. Further advances in the literature focus
on studying elliptical surface asperities (Horng, 1998; Jeng and
Wang, 2003; Jamari and Schipper, 2006a,b) and the effect of Gauss-
ian distributions of asperities on bulk responses (Jackson and
Green, 2006). Often the unloading component of elastic–plastic
contact is neglected in the interference literature, though some re-
cent research analyzes the problem of unloading from a numerical
perspective (Yan and Li, 2003; Kogut and Komvopoulos, 2004; Et-
sion et al., 2005; Jackson et al., 2005).
The restitution literature, on the other hand, is predominantly
concerned with studying the loading and unloading that occurs
across an impact in order to calculate the energy lost to plastic
yielding, focusing on the transition from elastic to plastic behavior.
Without the inclusion of an unloading component, the model is
incomplete from a dynamics perspective. A number of existing
models exhibit mixed success in accurately predicting the coefﬁ-
cient of restitution for an arbitrary set of materials, as is demon-
strated in what follows. Several models consider only two
regimes: elastic and plastic (or mixed elastic–plastic) (Thornton,
1997; Du and Wang, 2009). Others rely on developing correlations
based on high ﬁdelity ﬁnite element models to study the plastic re-
gime (Vu-Quoc and Zhang, 1999; Vu-Quoc et al., 2000). In general,
the approach taken by models in the restitution literature is to use
approximations to study both the mixed elastic–plastic and fully
plastic regimes (Stronge, 2000) and to use idealized assumptions.
One such assumption is that there is no (or negligible) friction at
the contact interface. For oblique impacts, friction between the
two surfaces leads to shear stresses that can signiﬁcantly alter
the constitutive model for restitution (Wu et al., 2010; Chang
and Zhang, 2007; Johnson, 1985). Such approximations and ideal-
ized assumptions are necessary due to the need for efﬁcient mod-
els, and because there is no closed form solution for the plastic
regime (an incremental solution is necessitated by deﬁnition (Hill,
1950)). While these approaches may sufﬁce for a limited range ofmaterials, they often do not extend the models to be very accurate
outside of their calibrated regimes. Bridging the gap between the
interference and the restitution literature, one recent study incor-
porates unloading models into the well developed interference–
force loading models in order to study rebound (Jackson et al.,
2010).
Both the restitution literature and interference literature seek to
develop single degree of freedom constitutive models to accurately
describe contact between two bodies. These single degree of free-
dom models are necessary to study contact and impact in complex
systems; however, the validation of these models with respect to
experimental data is limited. The alternative approach of ﬁnite ele-
ment analysis is a powerful tool to analyze the dynamics of com-
plex structures, but the mesh resolution required to accurately
simulate contact forces is prohibitively expensive even in simple
systems (Brake et al., 2011). Consequently, in order to efﬁciently
and accurately study the dynamics of complex structures with im-
pact, integration of these single degree of freedom constitutive
models into rigid body and ﬁnite element simulations is necessary.
This paper attempts to further bridge the gap between the
interference and restitution literature, and to compare the present
and existing models to experimental data. The primary contribu-
tion of this paper is to develop an elastic-perfectly plastic constitu-
tive model that is well validated by experimental data, and is more
accurate than existing models. The constitutive model presented in
Section 2 is based on geometric and material properties including
Young’s modulus, the yield strength, and the Brinell hardness. This
new constitutive model is compared to existing measurements of
compliance curves, other direct measurements of the contact area
as a function of contact force and interference for an elastic–plastic
material, measurements of the coefﬁcient of restitution for various
materials found in the literature, as well as to existing impact mod-
els in Section 3. Results show that, without any tuning or calibra-
tion, the new constitutive model presented is very accurate in
predicting the compliance curves and coefﬁcients of restitution
for a wide range of elastic-perfectly plastic materials. The utility
of this model allows for efﬁcient and accurate simulations of im-
pacts without the need for large scale ﬁnite element modeling; this
can lead to signiﬁcantly reduced computational times, which, in
turn, makes parametric and probabilistic analysis of complex sys-
tems with impact practical. The primary contribution of this paper
is the development of an analytical contact model that is more
accurate than existing models in the literature for elastic-perfectly
plastic materials, and the extensive validation of the contact model
using experiments reported in the literature.2. Modeling
Two elastic-perfectly plastic spheres with radii r1 and r2 have
elastic modulus Ei, Poisson’s ratio mi, yield strength rYi, density
qi, and Brinell hardness Hi. The spheres are assumed to be smooth
such that the asperities are small compared to the displacements,
and friction is assumed to be negligible. When one sphere is
brought into contact with the second in the normal direction, as
shown in Fig. 1, the normal displacement between the two spheres
is d (in the interference literature, d ¼ x), and the contact radius is
a. Note that in this reference frame, the second body is held in
place (thus there is no displacement of its center of mass), which
is why the displacement of the center of mass of the ﬁrst body is
d. In an absolute reference frame, the ﬁrst sphere would have a dis-
placement of the center of mass of d1, and the second sphere would
have a potentially different displacement of the center of mass of
d2. Thus, to equate these quantities, d ¼ d1 þ d2. In the limiting case
where the two masses are identical, d1 ¼ d2 ¼ d=2. The effective
elastic modulus and radius are calculated as
δr1 r2
a
(a)
(b)
Fig. 1. (a) Two spheres in contact illustratively showing a set of undeformed (––)
and deformed (—) shapes, and (b) close up of the contact region. Note that while
sphere ﬂattening is depicted, indentation is also considered in the model.
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2
1
E1
þ 1 m
2
2
E2
 1
; ð1Þ
r ¼ 1
r1
þ 1
r2
 1
; ð2Þ
and the yield strength
ry ¼min ry1;ry2
 
: ð3Þ
In what follows, the analysis is divided into four phases: the elastic
regime, the mixed elastic–plastic regime, the fully plastic regime
(also referred to as unconstrained ﬂow), and unloading.
2.1. The elastic regime
The Hertzian solution (Hertz, 1882) for the constitutive rela-
tionship between the contact force and displacement of the two
spheres against one another is well validated in small displace-
ment regimes (Tatara, 1989). This solution posits that the contact
force
F ¼ 4
3
E
ﬃﬃ
r
p
d3=2; ð4Þ
and the contact radius
a ¼
ﬃﬃﬃﬃﬃ
rd
p
: ð5Þ
The elastic regime is deﬁned to span from the initiation of contact
ðd ¼ 0Þ until the initiation of yield ðd ¼ dyÞ. There are multiple
approximations in the restitution literature for deﬁning the onset
of yield, partially owing to the multiple methods of modeling the
post yield behavior. In the present work, the solution formulated
in Johnson (1985) and used in Vu-Quoc et al. (2000) is adopted. This
solution is based on the stress ﬁeld that develops in elastic contact
between two bodies, and the onset of yield is determined using the
von Mises criterion. Deﬁning the maximum amplitude of the stress
ﬁeld
f ðmÞ ¼ max
u2R
ð1þ mÞ 1 uatan 1
u
  
þ 3
2
1
1þ u2
 2
; ð6Þ
with
maxðrrÞ ¼max rhð Þ ¼ pf ðmÞ ¼  3F2pa2 f ðmÞ ð7Þ
over the distance into the surface u, where m is Poisson’s ratio for the
more compliant material (i.e. the material that will yield ﬁrst) and p
is the contact pressure, the initiation of yield occurs atdy ¼ rf ðmÞ
pry
2E
 2
: ð8Þ
At yield, the contact radius and contact force are
ay ¼
ﬃﬃﬃﬃﬃﬃﬃ
rdy
p
; ð9Þ
Fy ¼ 43 E
ﬃﬃ
r
p
d3=2y ; ð10Þ
and have derivatives with respect to d
a0y ¼
1
2
ﬃﬃﬃﬃ
r
dy
r
; ð11Þ
F 0y ¼ 2E
ﬃﬃﬃﬃﬃﬃﬃ
rdy
p
: ð12Þ
These, and subsequent derivatives, are deﬁned for use in enforcing
continuity in the mixed elastic–plastic regime. Nondimensionaliz-
ing with respect to d ¼ d=dy, the corresponding relationships for
the elastic regime become
F
Fy
¼ dð Þ3=2; ð13Þ
a
ay
¼
ﬃﬃﬃﬃ
d
p
: ð14Þ2.2. The plastic regime
It is convenient to deﬁne the behavior in the plastic regime be-
fore discussing the mixed elastic–plastic regime. In the plastic re-
gime, several assumptions are made. First, the pressure p0 over
the contact area is uniform. This allows the contact force to be ex-
pressed as
F ¼ p0pa2: ð15Þ
This assumption is justiﬁed by numerical studies in the literature
for well developed plastic regimes (Hardy et al., 1971; Vu-Quoc
and Zhang, 1999; Yan and Li, 2003; Lin and Lin, 2006) for both
sphere on ﬂat and sphere on sphere contact. Second, there is a linear
relationship between the contact force and d. Stemming from
(Abbott and Firestone, 1933; Chang et al., 1987), d is related to
the contact area via
a2 ¼ 2rdþ c: ð16Þ
The constant c is zero in Abbott and Firestone (1933) and Zhao et al.
(2000) and is negative in Chang et al. (1987). In the present analysis
c ¼ a2p  2rdp ð17Þ
is chosen for compatibility since both the contact radius ap and dis-
placement dp at the inception of the fully plastic regime are ﬁxed in
Eqs. (15) and (16). Note that c is potentially positive depending on
ap and dp. In order to ﬁnd the incipient values,
p0 ¼ Hg106; ð18Þ
where g is acceleration due to gravity and is necessary for the unit
conversion from the Brinell hardness H to Pa. Tabor (1948), in
studying hardness, concluded that p0  2:8ry  H. This approxima-
tion is based on small strain hardening; more generally for strain
hardening materials, this approximation is p0  2:8rf  H, where
rf is the ﬂow stress (Follansbee and Sinclair, 1984; Sinclair et al.,
1985). In both cases, this approximation holds for macro-scale
hardness. In micro-scale applications, though, this value is found
to be an upper bound of the measured values of hardness (Johnson,
1970; Yu and Blanchard, 1996). The lower bound, in some cases, can
be as low as H  ry (Swadener et al., 2002) for materials such as
oxygen-free copper. More recent research quantiﬁes the evolution
of hardness as a function of contact radius (Jackson and Green,
2005; Alcalá and de los Ojos, 2010), but the question still remains
3132 M.R. Brake / International Journal of Solids and Structures 49 (2012) 3129–3141as to what value of hardness should be used for contact between
two elastic-perfectly plastic metals. One common solution is to as-
sume that p0 ¼ KH0 with H0 taken to be the hardness of the softer
material, and where K is a constant used to ﬁt the simulation results
to the experimental measurements (Chang et al., 1987; Kogut and
Etsion, 2004). This parameter has commonly been assumed to be
K ¼ 0:6 (Chang et al., 1987) based off of the analysis of (Tabor,
1951), and more recently given as K ¼ 0:4 in Zhao et al. (2000)
and K ¼ 0:577 in Kogut and Etsion (2004). Preliminary experimen-
tal measurements, though, indicate that the hardness of the harder
material has an effect on the contact forces as well (though small)
(Brake et al., 2011; Bartier et al., 2010), thus the effective hardness
H should take into account the hardness of both materials involved
in the contact. For this reason, the relationship
H ¼ 1
HSR
þ 2
HLR
 1
ð19Þ
is proposed, where HSR is the hardness of the surface with the smal-
ler radius and HLR is the hardness of the larger radius. This distinc-
tion between the radius of curvature of the two surfaces stems from
the observation of Kogut and Jackson (2006) in which it is found
that there is a slight difference between a rigid sphere contacting
a compliant ﬂat and a compliant sphere contacting a rigid ﬂat. In
the case where both surfaces have similar radii of curvature, the
relation
H ¼ 2
H1
þ 2
H2
 1
ð20Þ
is used. Note that for the materials considered in the subsequent
analysis, rY < H < 2:8rY .
To deﬁne the initiation of unconstrained ﬂow, both the contact
radius ap and displacement dp at the onset of fully plastic behavior
are needed. From Tabor’s observation,
ap ¼ r 3p4
p0
E
; ð21Þ
and using the relations deﬁned in Johnson (1985) and Stronge
(2000)
dp ¼ p0ry
 2
dy: ð22Þ
With these relationships, the contact force at the initiation of the
plastic regime
Fp ¼ p0pa2p; ð23Þ
and the derivatives with respect to d are
a0p ¼ 2r 2rdp þ c
	 
1=2
; ð24Þ
F 0p ¼ 2rpp0: ð25Þ
While early research on the behavior in the plastic regime focused
on sphere on ﬂat contact (Tabor, 1948; Hardy et al., 1971; Sinclair
et al., 1985), more recent work has shown that the results used in
the present work can be extended to the more general case of
sphere on sphere contact (Matthews, 1980; Johnson, 1985;
Vu-Quoc and Zhang, 1999; Stronge, 2000; Vu-Quoc et al., 2000),
and, in fact, analyses of a sphere contacting a rigid ﬂat are also
mathematically equivalent to two identical spheres contacting
due to symmetry (Vu-Quoc and Zhang, 1999).
The nondimensionalized constitutive relationship
F
Fy
¼ 3pp0
4E
ﬃﬃﬃﬃ
r
dy
r
4d þ c
rdy
 
ð26Þ
is deﬁned with
a
ay
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2d þ c
rdy
r
: ð27ÞThe nondimensionalized critical values for the transition to the
plastic regime are
dp
dy
¼ p0
ry
 2
; ð28Þ
ap
ay
¼ 3pp0
4E
ﬃﬃﬃﬃ
r
dy
r
; ð29Þ
Fp
Fy
¼ 3pp0
4E
 3 r
dy
 3=2
: ð30Þ
Thus, in order to fully specify the behavior in the plastic regime, the
only quantity needed in addition to the elastic (such as E and ry)
and geometric parameters is the hardness H, which is used to deﬁne
the contact pressure p0.
2.3. The mixed elastic–plastic regime
Two different relationships for the mixed elastic–plastic regime
are posited. Both relationships use the set of cubic Hermite polyno-
mials to enforce continuity between the end of the elastic regime
and the beginning of the plastic regime. The cubic Hermite polyno-
mials are chosen for convenience; other sets of splines that are C1
continuous would be suitable as well; in fact, a similar polynomial
approach is used in Zhao et al. (2000) to enforce force continuity in
the mixed elastic–plastic regime. The two relationships deﬁned in
the present work differ based on the deﬁnition of the start of the
plastic regime. For both relationships
F ¼ 2Fy  2Fp þ dp  dy
	 

F 0y þ F 0p
   d dy
dp  dy
 3
þ 3Fy þ 3Fp þ dp  dy
	 
 2F 0y  F 0p   d dydp  dy
 2
þ dp  dy
	 

F 0y
d dy
dp  dy
 
þ Fy; ð31Þ
a ¼ 2ay  2ap þ dp  dy
	 

a0y þ a0p
   d dy
dp  dy
 3
þ 3ay þ 3ap þ dp  dy
	 
 2a0y  a0p   d dydp  dy
 2
þ dp  dy
	 

a0y
d dy
dp  dy
 
þ ay: ð32Þ
In the original formulation of the elastic–plastic contact model
presented, the variables Fy; F
0
y; Fp; F
0
p; ay; a
0
y; ap, and a
0
p are calculated
in Sections 2.1 and 2.2. Nondimensionalizing these equations
yields
F
Fy
¼ 2 2 Fp
Fy
þ dp
dy
 1
 
3
2
þ 3p
2
p0
E
ﬃﬃﬃﬃ
r
dy
r  
d  1
dp=dy  1
 3
þ 3þ 3 Fp
Fy
þ dp
dy
 1
 
3 3p
2
p0
E
ﬃﬃﬃﬃ
r
dy
r  
d  1
dp=dy  1
 2
þ 3
2
dp
dy
 1
 
d  1
dp=dy  1
 
þ 1;
ð33Þ
a
ay
¼ 22ap
ay
þ dp
dy
1
 
1
2
þ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2dp=dyþc=rdy
p
 ! !
d 1
dp=dy1
 3
þ 3þ3ap
ay
þ dp
dy
1
 
1 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2dp=dyþc=rdy
p
 ! !
d 1
dp=dy1
 2
þ1
2
dp
dy
1
 
d 1
dp=dy1
 
þ1:
ð34Þ
Table 1
Material and geometric properties for the experiments of Minamoto and Kawamura
(2009).
Property Value
SUJ2 Steel
Density, q1 ¼ q2 7825 kg/m3
Elastic modulus, E1 ¼ E2 206 GPa
Poisson’s ratio, m1 ¼ m2 0.3
Hardness, H1 ¼ H2 290 kgf/mm2
Yield strength, ry 350 MPa
Radius, r1 ¼ r2 0.0127 m
Pendulum length, L 2 m
M.R. Brake / International Journal of Solids and Structures 49 (2012) 3129–3141 3133In applying this model, though, an unrealistic bend is observed
in the force–displacement relationship in the mixed elastic–plastic
regime as shown in Fig. 2. In order to avoid this and to have a more
physically intuitive constitutive relationship, the transition to the
plastic regime is moved up the curve to the point where the slope
of the plastic regime is parallel to the slope of the Hertzian (elastic)
solution (denoted with subscript H in the following equations)
F 0Hjd¼dp ¼ F 0p;
2E
ﬃﬃﬃﬃﬃﬃﬃ
rdp
p ¼ 2rp0p;
dp ¼ p0p
ﬃﬃ
r
p
E
 2
; ð35Þ
dp
dy
¼ pp0
E
 2 r
dy
: ð36Þ
Similarly
ap ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2rdp þ c
q
; ð37Þ
ap
ay
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
dp
dy
þ c
rdy
s
; ð38Þ
where c is the same as before. With these new values for Fp; F
0
p; ap,
and a0p, the smoothed elastic–plastic constitutive relationship is
shown in Fig. 2 for the material and geometric properties given in
Table 1. As is shown in Section 3, this does not have an appreciable
effect on the simulation of the coefﬁcient of restitution for impact
tests, except at small impact velocities that do not result in appre-
ciable plastic deformation.
2.4. The restitution phase
Unloading is well accepted as an elastic process (Stronge, 2000;
Yan and Li, 2003; Jackson et al., 2010) with no reverse yielding
assumed. In each regime, unloading follows
F ¼ 4
3
E
ﬃﬃ
r
p
d d	 
3=2; ð39Þ
F
Fy
¼
ﬃﬃ
r
r
r
d 
d
dy
 3=2
: ð40Þ0 13 39
0
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N
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Fig. 2. The contact force of the elastic (Hertzian) solution (––), original elastic–
plastic formulation (––), and smoothed elastic–plastic formulation (—) for the
material properties listed in Table 1. The insert shows a magniﬁcation of the mixed
elastic–plastic regime. The force and displacement are nondimensionalized with
respect to Fy and dy .The deﬁnition of the deformed radius of curvature r and residual
deformation d is unique to each regime of the loading curve. These
two quantities develop as a result of the plastic deformation that
occurs during the loading process (Stronge, 2000). Physically, r rep-
resents that the radius of curvature in the contact region has chan-
ged due to the plastic deformation during the loading process, and d
is the permanent, unrecoverable plastic deformation that occurs. In
all cases, d is related to r by enforcing continuity. Deﬁning the max-
imum displacement and maximum force during the loading phase
as dm and Fm respectively,
d ¼ dm  3Fm
4E
ﬃﬃ
r
p
 2=3
: ð41Þ
The relationships for r and d are completely speciﬁed in each regime
as follows.
2.4.1. Unloading from the elastic regime
Impacts that stay purely within the elastic regime result in no
plastic deformation. As a result r ¼ r and d ¼ 0.
2.4.2. Unloading from the plastic regime
In the plastic regime, the radius of curvature of the surfaces in
the contact area are assumed to plastically deform and to have a
constant radius of curvature. For small scale plasticity, conserva-
tion of the elastically deformed volume (as opposed to the plasti-
cally deformed volume) is enforced. Under the assumption of
spherical deformation (for small deformations), the displaced vol-
ume is
V ¼ p
6
d 3a2 þ d2	 
: ð42Þ
Subscripts following V indicate evaluation at yield Vy and at the
maximum penetration Vm. To account for far-ﬁeld elasticity, the
elastically deformed volume is assumed to increase linearly with
the ratio dm=dy. Given that the maximum contact radius am is
approximately the same as the contact radius post impact (based
on the measurements of (Jamari and Schipper, 2006b)), the rebound
displacement dr thus satisﬁes
Vm  Vy dmdy ¼
p
6
dr 3a2m þ d2r
	 

; ð43Þ
and is found as the largest real root of this cubic equation. The per-
manent deformation is then found via d ¼ dm  dr , and the contact
radius r is calculated via Eq. (41).
For large scale plasticity, no assumptions for conservation of the
elastically deformed volume are used. Instead, the contact radius is
assumed to be approximately the same as the radius of a spherical
indentation with depth dm and width 2am. From the trigonometric
properties of a chord
r ¼ 1
2
dm þ a
2
m
dm
 
: ð44Þ
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r ¼ 1
2
dm þ 2r þ cdm
 
 r þ 1
2
dm ð45Þ
for dm  dp, and d is found via Eq. (41). The c term is considered neg-
ligible for large dm. Switching between the two regimes (Eqs. (43)
and (45)) is determined by the intersection of the estimation of r
(that is, when the two methods predict the same value for r).
2.4.3. Unloading from the mixed elastic–plastic regime
In an approach similar to the contact force and contact radius in
this regime, the deformed radius is approximated using the cubic
Hermite polynomials. In this case, the deformed radius at dm ¼ dy
is r by deﬁnition and has the derivative with respect to d of 0. Like-
wise, the deformed radius at dm ¼ dp is deﬁned as rp and has deriv-
ative with respect to d of r0p (based on the derivation of Section
2.4.2), which is found numerically using a forward difference cal-
culation. This yields
r ¼ 2r  2rp þ dp  dy
	 

r0p
  dm  dy
dp  dy
 3
þ 3r þ 3rp  dp  dy
	 

r0p
  dm  dy
dp  dy
 2
þ r: ð46Þ0 0.5 1
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Fig. 3. The compliance curve for the proposed model (—) compared to the
experimental data () in Alcalá et al. (1998) for nickel; both the original elastic–
plastic formulation and smoothed elastic–plastic formulation are coincident based
on the material properties listed in Table 2.3. Comparisons to existing models and data
In what follows, the elastic-perfectly plastic contact model is
validated against measurements recorded in the literature. Two
types of validation metrics are used: direct (compliance curves
and measurements of contact area as a function of displacement
or contact force) and indirect (restitution experiments). Indirect
metrics are useful for model validation as they are measurements
in context. Restitution measurements are directly applicable to the
motivating application for the present model, and these measure-
ments indicate the extent to which the model is valid, even in the
presence of the simplifying assumptions used in the model. It is
worth noting that for both the direct and indirect validation stud-
ies, the only parameters speciﬁed in the model are the material
properties of the test specimen, and the geometry of the test set-
up. No calibration or correlations are used, and no assumptions
about ﬂattening or indentation conditions are made. In each set
of experiments, the contacting surfaces are assumed to be friction-
less, smooth with no asperities, elastic-perfectly plastic, and of uni-
form material properties. In actuality, none of these assumptions
hold strictly true, but the effects due to each of these non-idealized
cases is small for the sets of data analyzed. In each of the studies
used for validation, the materials are polished to the point where
asperities are signiﬁcantly smaller than the indentations created
by the experiment. Additionally, since only normal contact is con-
sidered in each experiment, the friction effects associated with ob-
lique impacts are minimized. The role of strain hardening and the
variation in material properties is discussed further in what
follows.
3.1. Elastic–plastic compliance measurements
In order to validate the force–deﬂection relationship for the
proposed approach, the simulated compliance curve is compared
to the measurements conducted in (Alcalá et al., 1998) for pure
nickel, an elastic–plastic material with Meyer’s hardness
M ¼ 2:21, in Fig. 3. While data for an elastic-perfectly plastic mate-
rial would be preferable to a material with a Meyer’s hardness
M > 2, this is not currently available and is the subject of future
work. The geometry and material properties for the compliance
curve are given in Table 2. The compliance data in (Alcalá et al.,1998) is obtained using ﬂat specimen of nickel (with dimensions
1  10.5 cm) and a 10% weight cobalt-tungsten carbide indenter
with a 1.59 mm diameter. Overall, good agreement is observed be-
tween the measured data and the simulated results. Note that two
sets of compliance data are shown in Fig. 3: a denser data set that
details small scale plasticity in the nickel, and a sparser data set
that details large scale plasticity. The discrepancy between the
two sets of data is due to the small scale plasticity measurements
not accounting for the compliance of the back surface of the testing
apparatus. Once this compliance is accounted for, as in the large
scale plasticity measurements, excellent agreement is observed be-
tween the simulations and the measurements. At signiﬁcantly
higher displacements than shown, the strain hardening effects be-
come signiﬁcant, and the agreement between the model and the
measurements is lessened.
The present model is compared to the results predicted by nine
other models found in the literature (Stronge, 2000; Du and Wang,
2009; Thornton, 1997; Zhang and Vu-Quoc, 2002; Jackson and
Green, 2005; Jackson et al., 2005, 2010; Kogut and Etsion, 2002;
Etsion et al., 2005; Chang et al., 1987; Zhao et al., 2000) in Fig. 4.
Of these models, (Zhang and Vu-Quoc, 2002; Jackson and Green,
2005; Jackson et al., 2005, 2010; Kogut and Etsion, 2002; Etsion
et al., 2005) are speciﬁcally developed for the case of a compliant
sphere in contact with a rigid ﬂat, whereas the data in Fig. 4 is
for a relatively rigid sphere in contact with a compliant ﬂat (the
present model makes no such assumption though); this could ex-
plains some of the observed discrepancy between them and the
measured data. Four of these models (Stronge, 2000; Jackson and
Green, 2005; Jackson et al., 2005, 2010; Kogut and Etsion, 2002;
Etsion et al., 2005) predict compliance curves that are approxi-
mately 25% stiffer than the measured compliance curves and (Du
and Wang, 2009) predicts a compliance curve that is approxi-
mately 40% more compliant than the measured data. The other
models (Thornton, 1997; Zhang and Vu-Quoc, 2002; Chang et al.,
1987; Zhao et al., 2000) signiﬁcantly differ in their predictions of
the compliance curve, and the agreement seen between the pres-
ent model and the measured data is signiﬁcantly better than for
any of the other models considered. The compliance curves pre-
dicted by Chang et al. (1987), Zhao et al. (2000)) are coincident
at this scale. Additionally, because these twomodels do not include
an unloading component, they are not considered in the compari-
sons to restitution experiments. Note that Table 3 describes three
unique models that share several references: (Jackson and Green,
2005; Etsion et al., 2005) uses the loading model developed in
(Jackson and Green, 2005) and the unloading model developed in
Table 2
Material and geometric properties for the experiments on nickel using a tungsten
carbide indentor in Alcalá et al. (1998).
Property Value
10% Weight cobalt–tungsten carbide
Density, q1 14,500 kg/m
3
Elastic modulus, E1 475 GPa
Poisson’s ratio, m1 0.22
Hardness, H1 1167 kgf/mm2
Radius, r1 0.795 mm
Pure nickel
Density, q2 8880 kg/m
3
Elastic modulus, E2 207 GPa
Poisson’s ratio, m2 0.31
Hardness, H2 71 kgf/mm
2
Yield strength, ry 148 MPa
Radius, r2 1m
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Fig. 4. The compliance curve for the proposed model (—) compared to the
experimental data () in Alcalá et al. (1998) for nickel, nondimensionalized with
respect to dy and Fy . The legend is given in Table 3.
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and Green (2005), Jackson et al. (2005) uses the loading model
developed in Jackson and Green (2005) and the unloading model
developed in Jackson et al. (2005) as described in Jackson et al.
(2010), Kogut and Etsion (2002), Etsion et al. (2005) uses the load-
ing model developed in Kogut and Etsion (2002) and the unloading
model developed in Etsion et al. (2005). The ﬁrst two of these mod-
els were compared in Jackson et al. (2010) in order to assess the
relative accuracy of two different loading models. The third model
(Kogut and Etsion, 2002; Etsion et al., 2005) is a natural pairing as
both the loading and unloading models are developed by the same
group of authors.
A second set of compliance data from (Bartier et al., 2010) is
used to further validate the model in Fig. 5. This set of measure-
ments studies the compliance of AISI 1035 steel using a tungsten
carbide indentor with material properties listed in Table 4. Similar
to the experiments of Alcalá et al. (1998), the AISI 1035 steel is not
elastic-perfectly plastic as it has a Meyer’s hardness M ¼ 2:135.
Also, the experiments of Bartier et al. (2010) are indentation tests,
so the same limitations of Zhang and Vu-Quoc (2002), Jackson and
Green (2005), Jackson et al. (2005, 2010), Kogut and Etsion (2002),
Etsion et al. (2005) must be noted. For small displacements, good
agreement is observed between the data and the predicted compli-
ance curve; however, as the displacement is increased to 20 lmand higher, the effect of the strain hardening is observed, and the
model shows a lower degree of agreement. Fig. 6 compares the pre-
dicted compliance curves from nine other models found in the lit-
erature (Stronge, 2000; Du and Wang, 2009; Thornton, 1997;
Zhang and Vu-Quoc, 2002; Jackson and Green, 2005; Jackson
et al., 2005, 2010; Kogut and Etsion, 2002; Etsion et al., 2005;
Chang et al., 1987; Zhao et al., 2000) to the measurements of
Bartier et al. (2010) and the predicted compliance curve of the
present model. For low displacements, the present model exhibits
the highest degree of agreement with the data. In the regime
where strain hardening becomes signiﬁcant Stronge (2000) exhib-
its better agreement than the present model, and Jackson and
Green (2005), Jackson et al. (2010), Etsion et al. (2005) exhibits a
similar degree of agreement as the present model.
3.2. Compliant sphere ﬂattening measurements
Unlike the indentation experiments of Alcalá et al. (1998),
Bartier et al. (2010), the measurements in Jamari and Schipper
(2006b), Ovcharenko et al. (2007) are of ﬂattening conditions in
which a relatively compliant sphere is ﬂattened by an approxi-
mately rigid ﬂat. The measurements of Jamari and Schipper
(2006b) study the compression of copper spheres using a silicon
carbide ﬂat, with geometric and material properties given in Table
5. The comparison of the present model to the experimental data
from Jamari and Schipper (2006b) is shown in Fig. 7. Good agree-
ment is observed between the model and measurements of contact
area as a function of displacement (Fig. 7(a)) and as a function of
contact force (Fig. 7(b)). The nine other models from the literature
(Stronge, 2000; Du and Wang, 2009; Thornton, 1997; Zhang and
Vu-Quoc, 2002; Jackson and Green, 2005; Jackson et al., 2005,
2010; Kogut and Etsion, 2002; Etsion et al., 2005; Chang et al.,
1987; Zhao et al., 2000) are compared with the present model
and experimental data in Fig. 8. Two sets of experimental data
are shown in the nondimensional plot of contact area as a function
of contact force (Fig. 8(b)): the high force measurements of Jamari
and Schipper (2006b), and the low force measurements of
Ovcharenko et al. (2007). Both sets of measurements study the ﬂat-
tening of copper spheres; however, in Ovcharenko et al. (2007) a
sapphire ﬂat is used instead of the silicon carbide ﬂat used in Ja-
mari and Schipper (2006b), and a different formulation of copper
is used. Nonetheless, using the properties provided in Ovcharenko
et al. (2007), the results are able to be nondimensionalized with re-
spect to the present method and plotted with the data from Jamari
and Schipper (2006b). At low displacements (Stronge, 2000; Jack-
son and Green, 2005; Jackson et al., 2005, 2010; Kogut and Etsion,
2002; Etsion et al., 2005; Chang et al., 1987; Zhao et al., 2000) in
addition to the present model all show good agreement with the
data in Fig. 8(a); at high displacements (Zhang and Vu-Quoc,
2002) shows the best agreement with the data, followed by the
present model and (Stronge, 2000; Chang et al., 1987; Zhao et al.,
2000). For the contact area as a function of contact force, good
agreement is seen at low forces for the present model and (Stronge,
2000; Du and Wang, 2009; Jackson and Green, 2005; Jackson et al.,
2005, 2010; Kogut and Etsion, 2002; Etsion et al., 2005; Zhao et al.,
2000); at high contact forces, good agreement is observed for both
the present model and for Stronge (2000).
3.3. Pendulum restitution experiments
The ﬁrst restitution experiment that is analyzed is reported in
Minamoto and Kawamura (2009) (and summarized in Minamoto
and Kawamura (2011)). This experiment consists of two SUJ2 steel
(steel used for journal bearings) spheres suspended as pendulums.
The geometries and material properties of the spheres are given in
Table 1. Given the chemical composition and limited material
Table 3
The legend for Figs. 4, 6, 8, 11, 14, and 17. Note that the last two entries only appear in
Figs. 4, 8, and 6.
Legend Name and reference
Present method, smoothed
Present method, original
Stronge (2000)
Du and Wang (2009)
Thornton (1997)
Vu-Quoc and Zhang (1999), Vu-Quoc et al. (2000), Zhang and Vu-
Quoc (2002)
Jackson and Green (2005) (loading); Etsion et al. (2005) (unloading)
Jackson and Green (2005) (loading); Jackson et al. (2005)
(unloading)
Kogut and Etsion (2002) (loading); Etsion et al. (2005) (unloading)
Chang et al. (1987)
Zhao et al. (2000)
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Fig. 5. The compliance curve for the proposed model (—) compared to the
experimental data () in Bartier et al. (2010) for AISI 1035 steel; both the original
elastic–plastic formulation and smoothed elastic–plastic formulation are coincident
based on the material properties listed in Table 4.
Table 4
Material and geometric properties for the experiments on AISI 1035 steel using a
tungsten carbide indentor in Bartier et al. (2010).
Property Value
Tungsten carbide
Density, q1 14,500 kg/m
3
Elastic modulus, E1 600 GPa
Poisson’s ratio, m1 0.28
Hardness, H1 1167 kgf/mm2
Radius, r1 1.25 mm
AISI 1035 steel
Density, q2 7850 kg/m
3
Elastic modulus, E2 210 GPa
Poisson’s ratio, m2 0.30
Hardness, H2 156 kgf/mm2
Yield strength, ry 300 MPa
Radius, r2 1m
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Fig. 6. The compliance curve for the proposed model (—) compared to the
experimental data () in Bartier et al. (2010) for AISI 1035 steel, nondimensionalized
with respect to dy and Fy . The legend is given in Table 3.
Table 5
Material and geometric properties for the experiments on copper using a silicon
carbide ceramic ﬂat in Jamari and Schipper (2006b).
Property Value
Silicon carbide
Density, q1 3200 kg/m
3
Elastic modulus, E1 430 GPa
Poisson’s ratio, m1 0.17
Hardness, H1 2485 kgf/mm
2
Radius, r1 1m
Copper
Density, q2 8700 kg/m
3
Elastic modulus, E2 120 GPa
Poisson’s ratio, m2 0.35
Hardness, H2 109 kgf/mm2
Yield strength, ry 300 MPa
Radius, r2 1.5 mm
3136 M.R. Brake / International Journal of Solids and Structures 49 (2012) 3129–3141properties reported in Minamoto and Kawamura (2009), Minamot-
o and Kawamura (2011), the hardness is estimated based off of
several AISI 5000 series steels that are similar to the composition
and properties of the SUJ2 steel reported in Minamoto and Kawam-
ura (2009), Minamoto and Kawamura (2011).
The coefﬁcient of restitution is a useful measure of the energy
dissipation from an impact event at a given velocity. In thefollowing simulations, one sphere is assumed to be initially at rest,
and the second sphere has initial velocity v1i. After impact, the
velocities of the two spheres are v1o and v2o, and the coefﬁcient
of restitution is found as
e ¼ v2o  v1ov1i : ð47Þ
In experimentation, due to the methods used to ascertain the
instantaneous velocities of the spheres, the calculation of e can be
less straightforward (Tatara and Moriwaki, 1982).
In order to calculate the coefﬁcient of restitution using a theo-
retical model, the equation of motion for the two spheres impact-
ing is directly integrated in time using an implicit-explicit (IMEX)
Runge–Kutta backward-Euler method (Ascher et al., 1997). A sin-
gle, one degree of freedom equation of motion is achieved by deﬁn-
ing a reference frame in which one sphere never moves, and only
considering the time during which the two spheres are in contact
€x ¼ g
L
x FC
m
; ð48Þ
where g is gravity, L is the pendulum length, FC is the force deter-
mined by the contact model, m is the mass of one of the spheres,
and x is the interference. Thus, for an initial velocity of one sphere
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Fig. 7. The contact area as a function of (a) displacement and (b) contact force for
the proposed model (—) compared to the experimental data () in Jamari and
Schipper (2006b) for copper.
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Fig. 8. The contact area as a function of (a) displacement and (b) contact force for
the proposed model (—) compared to the experimental data () in Jamari and
Schipper (2006b) and (X) in Ovcharenko et al. (2007) for copper, nondimension-
alized with respect to dy and Fy . The legend is given in Table 3.
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e ¼ v1o=v1ij j.
Fig. 9 shows the coefﬁcient of restitutionmeasured inMinamoto
and Kawamura (2009) compared with the simulated coefﬁcient of
restitution for both the original elastic–plastic formulation and
smoothed elastic–plastic formulation. There is no discernable dif-
ference in the results between the original and smoothed methods,
and both methods exhibit good agreement with the data. The onset
of yield in this experiment occurs at dy ¼ 0:39 lm and dp ¼
2:47 lm,whereas the range of penetration depths dm studied to cal-
culate the curves in Figs. 9–11 are 13 lm for an impact velocity of
0.25 m/s to 244 lm for an impact velocity of 5 m/s.
One assumption of the present analysis is that the material
properties are known and constant. Since the experimental data
is taken from the literature, there is some uncertainty associated
with knowing the precise material properties of the spheres. Fur-
ther, in test conditions, two nominally identical specimen from
the same batch of material can exhibit variation in material prop-
erties, particularly the hardness. The effect of a variation in the
hardness of a sphere H1 is investigated in Fig. 10. The variation
in the measurements at a given impact velocity is observed to be
smaller than the effect of changing the hardness by 10%, which is
a realistic upward bound on the variation in hardness observed
in a batch of specimen (Brake et al., 2011).
The present method is compared against seven other methods
recently presented in the literature (Stronge, 2000; Du and Wang,
2009; Thornton, 1997; Zhang and Vu-Quoc, 2002; Jackson and
Green, 2005; Jackson et al., 2005, 2010; Kogut and Etsion, 2002; Et-
sion et al., 2005) in Fig. 11. Note, the method using Kogut and Et-
sion’s loading model with Etsion et al.’s unloading model (Kogut
and Etsion, 2002; Etsion et al., 2005) has not been applied to study-
ing the coefﬁcient of restitution previously in the literature; inter-
estingly enough, this method shows the next best level of
agreement with the present work, though still does not exhibit
as good agreement with this data as the present method does.
The restrictions on several of the methods (Zhang and Vu-Quoc,
2002; Jackson and Green, 2005; Jackson et al., 2005, 2010; Kogut
and Etsion, 2002; Etsion et al., 2005) is that they are based on cor-
relations for ﬁnite element simulations of speciﬁc materials, and
thus do not exhibit very good agreement for data based on materi-
als that they are not calibrated to, and that they are developed spe-
ciﬁcally for the compression of a sphere and not the indentation of
a ﬂat. Other methods (Thornton, 1997; Du and Wang, 2009) do not
separately consider mixed elastic–plastic regimes and fully plastic
regimes, and thus their lack of agreement with the measurements
is not surprising.52.50
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Fig. 9. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––), and smoothed elastic–plastic formulation (—) compared with the
measurements reported in Minamoto and Kawamura (2009) ().
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Fig. 11. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––), and smoothed elastic–plastic formulation (—) compared with the
measurements reported in Minamoto and Kawamura (2009) (), and the theoret-
ical results of the seven different models. The legend is given in Table 3.
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The second set of experiments analyzed are reported in Kharaz
and Gorham (2000). These experiments consist of anvils made of
relatively compliant metals (aluminum alloy and EN9 steel) and
5 mm diameter spheres of aluminum oxide (a relatively hard
material) dropped from various heights against the anvils. The
parameters for the study are listed in Table 6. Because (Kharaz
and Gorham, 2000) only speciﬁes that the aluminum alloy has a
Vickers hardness of 1.14 GPa, the properties of Aluminum 2014-
T4 are listed in the table as it has a similar hardness. Also, because
the steel is speciﬁed as EN9 steel, the properties of AISI 8650H steel
are listed as these match the composition and material properties
provided for EN9 steel. Since the aluminum alloy and EN9 steel
used in the experiments are both plates, their radii of curvature
are taken to be inﬁnite.
The coefﬁcient of restitution for the elastic–plastic models are
calculated using a similar method as for the pendulum study.
The equation of motion for a sphere contacting a ﬂat surface
€x ¼ gxþ FC
m
ð49Þ
is directly integrated in time using an IMEX method (Ascher et al.,
1997) from the onset of contact until the sphere is no longer in con-
tact with the ﬂat surface. Because the spheres in the study are
approximately eight orders of magnitude lighter than the anvils,
the center of mass of the anvils is assumed to not change during
the impact event, allowing for a single degree of freedom model.
For an initial velocity of the sphere ðxð0Þ ¼ 0; _xð0Þ ¼ v1iÞ, the coefﬁ-
cient of restitution is calculated from the rebound velocity v1o as
e ¼ v1o=v1ij j.
The ﬁrst experiment in Kharaz and Gorham (2000) measures
the coefﬁcient of restitution for the aluminum oxide spheres
against the aluminum alloy. Shown in Fig. 12, the measured data
is compared against the present method. Because the measure-
ments all involve the fully plastic regime of the aluminum alloy,
both the original formulation and the smoothed formulation are
coincident in the ﬁgure. Overall, good agreement is observed be-
tween the measurements and the simulations. In these simulations
dy ¼ 0:21 lm and dp ¼ 1:25 lm, and the range of dm studied to cal-
culate the curves in Figs. 12–14 are 3.40 lm for an impact velocity
of 0.5 m/s, and 35.74 lm for an impact velocity of 6 m/s.
The effect due to variations in the hardness of the anvil H1 is
shown in Fig. 13. Similar to the pendulum restitution experiments,
the variation in the measurements is less than the variation in the52.50
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Fig. 10. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––) and smoothed elastic–plastic formulation (—) for H1 varied by
±10% compared with the measurements reported in Minamoto and Kawamura
(2009) ().predictions due to changing the hardness by ±10%. In fact, if H1 is
assumed to be 10% lower, the model would nearly match the mea-
surements. Small differences are observed between the original
formulation and the smoothed formulation at low impact veloci-
ties for the 10% higher hardness case; however, these differences
are unable to be discerned for the other hardnesses considered.
Fig. 14 compares the seven other methods (Stronge, 2000; Du
and Wang, 2009; Thornton, 1997; Zhang and Vu-Quoc, 2002;
Jackson and Green, 2005; Jackson et al., 2005, 2010; Kogut and Et-
sion, 2002; Etsion et al., 2005) recently presented in the literature
with the present method. Similar trends as in Fig. 11 are observed:
the method of using Kogut and Etsion’s loading model with Etsion
et al.’s unloading model (Kogut and Etsion, 2002; Etsion et al.,
2005) compared the most favorably, but still over predicted the
coefﬁcient of restitution at moderate to high velocities. Thornton’s
model (Thornton, 1997) is observed to signiﬁcantly under predict
the coefﬁcient of restitution, a trend noted previously in the liter-
ature (Vu-Quoc and Zhang, 1999).
The second experiment in Kharaz and Gorham (2000) measures
the coefﬁcient of restitution for the aluminum oxide spheres
against the EN9 steel. Because this experiment features impacts
that do not exceed the mixed elastic–plastic regime, the effect ofTable 6
Material and geometric properties for the experiments of Kharaz and Gorham (2000).
Property Value
Aluminum 2014-T4
Density, q1 2800 kg/m
3
Elastic modulus, E1 72.4 GPa
Poisson’s ratio, m1 0.33
Hardness, H1 105 kgf/mm
2
Yield strength, ry 235 MPa
Radius, r1 1m
AISI 8650H steel
Density, q1 7850 kg/m
3
Elastic modulus, E1 205 GPa
Poisson’s ratio, m1 0.29
Hardness, H1 302 kgf/mm2
Yield strength, ry 690 MPa
Radius, r1 1m
Aluminum oxide
Density, q2 3960 kg/m
3
Elastic modulus, E2 370 GPa
Poisson’s ratio, m2 0.22
Hardness, H2 1365 kgf/mm2
Radius, r2 0.0025 m
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Fig. 13. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––) and smoothed elastic–plastic formulation (—) for H1 varied by
±10% compared with the aluminum oxide against aluminum alloy measurements
() reported in Kharaz and Gorham (2000).
73.50
0
0.25
0.5
0.75
1
Impact Velocity, m/s
C
oe
ffi
ci
en
t o
f R
es
tit
ut
io
n
Fig. 14. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––), and smoothed elastic–plastic formulation (—) compared with the
aluminum oxide against aluminum alloy measurements reported in Kharaz and
Gorham (2000) (), and the theoretical results of the seven different models. The
legend is given in Table 3.
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pact velocities (Fig. 15). For impact velocities below 1 m/s, the
smoothed and original elastic–plastic formulations diverge, with
the smoothed model more closely ﬁtting the data than the original
model. Overall, there is good agreement between the data and sim-
ulations, though less so at low velocities than for other experi-
ments. Some of the discrepancy is attributable to work hardening
in the material (notably with the trend of the data at higher veloc-
ities), which the present model does not consider. In these simula-
tions dy ¼ 0:37 lm and dp ¼ 1:80 lm, and the range of dm studied
to calculate the curves in Figs. 15–17 are 1.38 lm for an impact
velocity of 0.25 m/s, and 26.46 lm for an impact velocity of 7 m/s.
Similar to the previous restitution studies, the scatter in the
measured data is smaller than the variation due to changing the
hardness of the anvil H1 by ±10%. As shown in Fig. 16, the general
trend of the data cannot be ﬁt by changing H1. This further rein-
forces that higher order effects, such as strain hardening in the
high impact velocity regime, in addition to better estimates of
the onset of plasticity and of the deformed radius of curvature
for unloading, must be taken into account to accurately model this
set of materials.
In comparing the seven other methods (Stronge, 2000; Du and
Wang, 2009; Thornton, 1997; Zhang and Vu-Quoc, 2002; Jackson
and Green, 2005; Jackson et al., 2005, 2010; Kogut and Etsion,
2002; Etsion et al., 2005) recently presented in the literature with
the present method (Fig. 17), many of the other models exhibit
higher degrees of agreement than previously seen. In particular,
the method of using Kogut and Etsion’s loading model with Etsion
et al.’s unloading model (Kogut and Etsion, 2002; Etsion et al.,
2005) appears to be as accurate as the present method, and several
methods (Du and Wang, 2009; Zhang and Vu-Quoc, 2002; Jackson
and Green, 2005; Jackson et al., 2005, 2010; Etsion et al., 2005) are
able to adequately calculate the coefﬁcient of restitution in the
mixed elastic–plastic regime (for impact velocities less than
0.5 m/s).
3.5. Comparison of all restitution experiments
The measurements from all three experiments are presented in
Fig. 18 along with the corresponding simulations using the present
method. In general, the smoothed and original methods are coinci-
dent, though for low velocities where the mixed elastic–plastic re-
gime is not exceeded, the smoothed method shows the higher
degree of agreement with the data. The disagreement between
the model and the experiments at low velocities when, at best,73.50
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Fig. 12. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––), and smoothed elastic–plastic formulation (—) compared with the
aluminum oxide against aluminum alloy measurements () reported in Kharaz and
Gorham (2000).
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Fig. 15. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––), and smoothed elastic–plastic formulation (—) compared with the
aluminum oxide against EN9 steel measurements reported in Kharaz and Gorham
(2000) ().the plastic regime is just barely engaged, is due to the assumptions
made in determining the values of ap and dp in Eqs. (21) and (22),
and assumptions made regarding the conservation of elastic vol-
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Fig. 16. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––) and smoothed elastic–plastic formulation (—) for H1 varied by
±10% compared with the aluminum oxide against EN9 steel measurements reported
in Kharaz and Gorham (2000) ().
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Fig. 17. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––), and smoothed elastic–plastic formulation (—) compared with the
aluminum oxide against EN9 steel measurements reported in Kharaz and Gorham
(2000) (), and the theoretical results of the seven different models. The legend is
given in Table 3.
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Fig. 18. The coefﬁcient of restitution calculated by the original elastic–plastic
formulation (––), and smoothed elastic–plastic formulation (—) for the SUJ2 steel
spheres impacting (Minamoto and Kawamura, 2009) (lower set of curves), the
aluminum oxide against aluminum alloy (Kharaz and Gorham, 2000) (middle set of
curves), and the aluminum oxide against EN9 steel (Kharaz and Gorham, 2000) (top
set of curves) compared with the SUJ2 steel measurements reported in (Minamoto
and Kawamura, 2009) (), the aluminum oxide against aluminum alloy measure-
ments reported in Kharaz and Gorham (2000) (s), and the aluminum oxide against
EN9 steel measurements reported in Kharaz and Gorham (2000) (}).
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mine the offset c (17), they affect both the original and smoothed
formulation of the model in the mixed elastic–plastic regime. Fu-
ture work must use the high resolution measurements of compli-
ance curves near the elastic–plastic transition region to improve
each of these assumptions.4. Conclusions
A new elastic–plastic contact model is developed for studying
impact in mechanical systems. This model is based entirely on
the material properties and geometries of the materials involved
in the impact events, and no tuning, calibration, or best ﬁt curves
are used. The model is divided into three phases for loading: an
elastic regime with solution provided by Hertz, a mixed elastic–
plastic regime with solution based on continuity, and a fully plastic
regime that has a linear force–deﬂection constitutive relationship.
The transition from the elastic regime is determined by applying
the von Mises yield criterion to the stress ﬁeld of two spheres in
elastic contact, and the transition to the plastic regime is deter-
mined by the material hardness. Two different formulations for
the mixed elastic–plastic regime are presented, both of which
use cubic Hermite polynomials to enforce displacement and slope
continuity on both the contact force and contact radius. Of the two
models, the one best supported by experimental measurements
redeﬁnes the transition to the plastic regime as occurring at the
point where the elastic (Hertzian) force–displacement solution
and plastic solution curves are parallel. Unloading is divided into
three regimes and is modeled as an elastic process in each regime.
In the elastic regime, no permanent deformation of the material
occurs. In the plastic regime, the unloading contact radius is found
by assuming that the volume of elastically deformed material is
conserved. In the mixed elastic–plastic regime, cubic Hermite poly-
nomials are again used to enforce second order continuity. The
model is validated by comparing it to a series of elastic-perfectly
plastic measurements reported in the literature (Alcalá et al.,
1998; Bartier et al., 2010; Jamari and Schipper, 2006b; Ovcharenko
et al., 2007).
The new model is compared against three sets of restitution
experiments reported in the literature: one with two steel spheres
impacting against one another (Minamoto and Kawamura, 2009),
one featuring aluminum oxide spheres impacting an aluminum al-
loy plate (Kharaz and Gorham, 2000), and one with aluminum
oxide spheres impacting a steel plate (Kharaz and Gorham,
2000). In all three cases, the simulation results show high levels
of agreement with the results from the experiments. When com-
pared against seven other elastic–plastic contact models recently
reported in the literature (Stronge, 2000; Du and Wang, 2009;
Thornton, 1997; Zhang and Vu-Quoc, 2002; Jackson and Green,
2005; Jackson et al., 2005, 2010; Kogut and Etsion, 2002; Etsion
et al., 2005), the present method shows signiﬁcantly better agree-
ment with the data than any of the other models. Two exceptions
to this are noted: when strain hardening is observed, such as in
(Bartier et al., 2010), and for very small impact velocities that do
not reach the onset of fully plastic behavior (Kharaz and Gorham,
2000). Future work is focused on developing a series of experi-
ments to more rigorously validate the model across a wide range
of elastic-perfectly plastic materials (Brake et al., 2011), and to ex-
tend the model to include effects such as strain hardening.Acknowledgements
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